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Abstract. — In the framework of variable exponent Lebesgue and Morrey spaces we prove some
boundedness results for operators with rough kernels, such as the maximal operator, fractional
maximal operator, sharp maximal operators and fractional operators. The approach is based on
some pointwise estimates.
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1. Introduction
The main operators of harmonic analysis, maximal, singular and of potential
type, with the so called rough kernel have been widely studied, see e.g. [5, 6, 7,
8, 9, 12, 16, 17, 23, 24, 25, 26, 29, 34, 39] and references therein. The study of
operators with rough kernels was based on the usage of the rotation method,
which goes back to [15].
The theory of variable exponent spaces has received a thrust in recent years,
due mainly to some applications, for example in the modeling of electro-
rheological ﬂuids [4, 3, 37] as well as thermo-rheological ﬂuids [11], in the study
of image processing [1, 2, 13, 14, 18, 19, 41] and in di¤erential equations with
non-standard growth [28, 33]. For details on variable Lebesgue spaces one can
refer to [21, 22, 31, 32] and the references therein.
We want to study the boundedness of some rough operators in the framework
of variable exponent Lebesgue and Morrey spaces. Since the classical proof is
based upon the rotation method which is not well suited for the case of variable
exponents we obtained some pointwise estimates in Section 3 to circumvent this
problem.
Operator with rough kernel have already been considered in the variable
exponent setting in [20], where their study was based on the extrapolation theory.
Our approach is based upon some pointwise estimates and do not use extrap-
olation theorems and allows, in particular, to consider potential operators and
fractional maximal functions of variable order aðxÞ.
The paper is arranged as follows: In Section 2 we give necessary preliminaries
on variable exponent Lebesgue and Morrey spaces. In Section 3 we provide
pointwise estimates for maximal and potential operators with rough kernels.
Sections 4 and 5 contain the main results on the boundedness of such operators.
2. Variable exponent spaces
2.1. Variable Lebesgue spaces
We refer to the books [21, 22], but recall some basics we need on variable
exponent Lebesgue spaces. Let UJRn be an open set and pðÞ be a real-valued
measurable function on U with values in [1,lÞ. We suppose that
1a pa pðxÞa pþ <l;ð1Þ
where p :¼ ess infx AU pðxÞ, pþ :¼ ess supx AU pðxÞ. As usual, by p 0ðxÞ ¼ pðxÞ=
ðpðxÞ  1Þ we indicate the conjugate exponent of pðxÞ and we have the relations
ðp 0Þþ ¼ ðpÞ0 and ðp 0Þ ¼ ðpþÞ0. By LpðÞðUÞ we denote the space of real-valued
measurable functions f on U such that
IpðÞð f Þ :¼
Z
U
j f ðxÞj pðxÞ dx <l:
Equipped with the norm







this is a Banach function space. The variable Lebesgue exponent norm has the
following property
k f lkpðÞ ¼ k f kllpðÞ;ð2Þ
for lb 1
p
. In the subsequent sections, we will also need the relation between the
modular IpðÞð f Þ and the norm.
Lemma 2.1. For every f a LpðÞðUÞ, the inequalities
k f k pþ
L pðÞðUÞa IpðÞð f Þa k f k
p
L pðÞðUÞ; if k f kL pðÞðUÞa 1;ð3Þ
k f k p
L pðÞðUÞa IpðÞð f Þa k f k
pþ
L pðÞðUÞ; if k f kL pðÞðUÞb 1;ð4Þ
are valid.
In the sequel we use the well known log-condition
jpðxÞ  pðyÞja Alnjx yj ; jx yja
1
2
; x; y a U ;ð5Þ
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where A ¼ AðpÞ > 0 does not depend on x, y. In the case U is unbounded, we
also use the decay condition: there exists a number pl a ð1;lÞ; such that
jpðxÞ  plja A
lnðeþ jxjÞ :ð6Þ
In the sequel we use the following notation. For an open set UJRn; by
P logðUÞ we denote the set of exponents pðxÞ with 1 < pa pþ <l, satisfying
the log and decay conditions (the latter required if U is unbounded).
By PðUÞ we denote the set of exponents p with 1 < pa pþ <l such that
the maximal operator is bounded in the space LpðÞðUÞ:
The following fact is known, see [38] or [31, Theorem 2.62].
Lemma 2.2. Let U be a bounded open set in Rn and p a P logðUÞ. In the case









where the constant C does not depend on x.
2.2. Variable exponent Morrey spaces
For more about Morrey spaces see [27, 35, 36]. Let l be a measurable function on
U with values in ½0; n. We deﬁne the variable Morrey space LpðÞ;lðÞðUÞ as the
set of all real-valued measurable functions on U such that
IpðÞ;lðÞð f Þ :¼ sup




j f ðyÞj pðyÞ dy <l;
where Uðx; rÞ ¼ U BBðx; rÞ. The norm in the space LpðÞ;lðÞðUÞ can be intro-
duced in two forms, namely







k f k2 :¼ sup
x AU ; r>0
kr
lðxÞ
pðÞ f wUðx; rÞkpðÞ;ð8Þ
which are equal, see [10]. We take
k f kL pðÞ; lðÞðUÞ ¼ k f k1 or k f kL pðÞ; lðÞðUÞ ¼ k f k2
whichever is more convenient. We also have the following important property
(see [10, 30]).
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Lemma 2.3. For every f a LpðÞ;lðÞðUÞ, the inequalities
k f k pþ
L pðÞ; lðÞðUÞa IpðÞ;lðÞð f Þa k f k
p
L pðÞ; lðÞðUÞ; if k f kL pðÞ; lðÞðUÞa 1;ð9Þ
k f k p
L pðÞ; lðÞðUÞa IpðÞ;lðÞð f Þa k f k
pþ
L pðÞ; lðÞðUÞ; if k f kL pðÞ; lðÞðUÞb 1;ð10Þ
are valid.
Similarly to property (2), from (8) we have
k f skL pðÞ; lðÞðUÞ ¼ sup
x AU ; r>0
kr
lðxÞ
spðÞ f wUðx; rÞksLspðÞðUÞð11Þ
¼ k f ksLspðÞ; lðÞðUÞ;ð12Þ
whenever sb 1=p.
The following theorem is known, see [10].
Theorem 2.4. Let U be an open bounded set in Rn, 1 < pa pðxÞa pþ <l,
0a lðxÞa lþ < n and p a P logðUÞ. Then the maximal operator






j f ðyÞj dy
is bounded in the space LpðÞ;lðÞðUÞ.
3. Pointwise estimates of maximal and fractional rough operators
To deal with the boundedness problem of rough operators, we will use some
pointwise estimates related to the maximal rough operator, the fractional maxi-
mal rough operator and the fractional rough operator.
3.1. The case of the maximal operator
Let us consider the maximal operator with rough kernel






jWðyÞ f ðx yÞj dy;ð13Þ
in the case W ¼ 1, we simply writeMW f ¼ Mf . It is known that the operatorMW
is bounded in LpðRnÞ, 1 < p <l, if W a L1ðSn1Þ and W is a homogeneous
function of degree 0, i.e.
WðlxÞ ¼ WðxÞð14Þ
for all l > 0 and x a Rn, see e.g. [40, p. 72].
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Lemma 3.1. Let f a Ls
0



























































j f ðx yÞjs 0 dy
 1
s 0
where we used (14), the Ho¨lder inequality on Sn1 and on the interval ð0; rÞ. The
inequality (15) now follows. r
3.2. The case of fractional maximal operator
The fractional maximal operator MW;a is deﬁned as






jWðyÞj j f ðx yÞj dy:ð16Þ
Lemma 3.2. Let f a LpðÞðUÞ, 0 < a < n, 1 < pa pþ <l and q be deﬁned
pointwise by 1=qðxÞ ¼ 1=pðxÞ  a=n. Then we have the following pointwise estimate
MW;a f ðxÞð17Þ





















jWðx yÞj j f ðyÞj
pð yÞ


















which shows (18). r
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3.3. The case of sharp maximal operator
The sharp maximal operator, also known as the Fe¤erman–Stein operator, is a
very well-known operator in harmonic analysis. We now introduce the rough
sharp maximal operator as






jWðyÞj j f ðx yÞ  fBðx; rÞj dy





Lemma 3.3. Let W satisfy (14) and W a L1ðSn1Þ. Then



















jWðyÞj j fBðx; rÞj dy
¼ I þ II :
It is immediate that
IaMW f ðxÞ:ð20Þ
We now estimate II :
















where the ﬁrst inequality follows from the fact that fBðx; rÞaMf ðxÞ. Taking into
account (20) and (21) we obtain the desired inequality (19). r
314 h. rafeiro and s. samko
3.4. The case of fractional operator
In a similar fashion to the maximal operator with rough kernel (13) we can deﬁne
the fractional operator with rough kernel
I
aðxÞ






Lemma 3.4. Let f a Ls
0
locðRnÞ, 1 < s <l, W satisfy (14), W a LsðSn1Þ and
aðxÞ > 0 almost everywhere. Then





s ðI aðxÞðj f js 0wBðx; rÞÞðxÞÞ
1
s 0 ;ð23Þ























































s ðI aðxÞðj f js 0wBðx; rÞÞÞ
1
s 0 ;
where we used (14), the Ho¨lder inequality on Sn1 and on the interval ð0; rÞ. The
inequality (23) now follows. r




jI aðxÞW ð f wBðx; rÞÞðxÞjaCkWkLsðSn1ÞraðxÞðMðj f js
0 ÞðxÞÞ 1s 0 :ð24Þ
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Proof. The proof follows from the estimate (23) and the well-known pointwise
estimate
I aðxÞð f wBðx; rÞÞaCraðxÞMf ðxÞ
see, e.g. [31, Theorem 2.55] for the case of variable a. r
Lemma 3.6. Let W a LsðSn1Þ, 1 < s <l, a a LlðUÞ. Then




s 0 ðI aðxÞþbðxÞðj f js 0wRnnBðx; rÞÞÞ
1
s 0ð25Þ





















































j f ðx %sÞjs 0 ds
 1
s 0



















which completes the proof. r
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infx AU aðxÞ > 0, W a LsðSn1Þ, f a LpðÞðUÞ and 1 < s <l. Then
jI aðxÞW ð f wUnBðx; rÞÞðxÞjaCkWkLsðSn1ÞraðxÞ
n
pðxÞk f kL pðÞðUÞ:ð28Þ
Proof. By (25) we have














We apply the Ho¨lder inequality with the variable exponent
pðxÞ
s 0 and get




















By the property (2) and the estimate (7), we then obtain
jI aðxÞWð f wUnBðx; rÞÞðxÞjaCkWkLsðSn1ÞraðxÞ
n
pðxÞk f kpðÞ;
with (7) applicable provided that
sup
x AU
½pðxÞaðxÞ þ pðxÞbðxÞ < ns 0:ð30Þ
Since we also have a restriction
inf
x AU
½bðxÞ  aðxÞ=ðs 1Þ > 0;ð31Þ
it is not hard to see that the choice of bðxÞ satisfying both (30) and (31) is possible
by the assumption (27). r
Lemma 3.8. Let U be a bounded open set, W a LsðSn1Þ, 1 < s <l,
infx AU aðxÞ > 0, p a P logðUÞ and supx AU ½lðxÞ þ aðxÞpðxÞ < n. Then
jI aðxÞW ð f wUnBðx; rÞÞðxÞjaCkWkLsðSn1Þr
aðxÞnlðxÞ
pðxÞð32Þ
when IpðÞ;lðÞð f Þa 1.
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Proof. From (25) we haveZ
jxyj>r






















> 0. We now estimate J. By a dyadic decomposition and





2 j r<jxyj<2 jþ1r
ð2 jrÞ
lðxÞs 0








pðÞ j f js 0 ðÞk
L
pðÞ











The term kð2 jrÞ
lðxÞs 0
pðÞ j f js 0 ðÞk
L
pðÞ
s 0 ðBðx;2 jþ1rÞÞ






pðÞ j f js 0 ðÞÞaCð2 jþ1rÞlðxÞ
Z
Bðx;2 jþ1rÞ
j f ðyÞj pðyÞ dy
aCIpðÞ;lðÞð f ÞaC
















aðxÞ þ bðxÞ þ lðxÞs 0
pðxÞ
	 pðxÞ
s 0 < n.
Gathering all the above estimates, we obtain
Z
jxyj>r















aðxÞ þ bðxÞ þ lðxÞs 0
pðxÞ
	 pðxÞ
s 0 < n, which also implies the convergence of





> 0 and supx AU ½lðxÞ þ aðxÞpðxÞ < n there
exists bðxÞ that satisﬁes aðxÞ þ bðxÞ þ lðxÞs 0
pðxÞ
	 pðxÞ
s 0 < n. r
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4. Theorems for the variable exponent Lebesgue spaces
A classical result regarding rough maximal operator states that if W satisﬁes (14)
and W a L1ðSn1Þ that MW is of type ðp; pÞ for 1 < pal. The classical proof is
based upon the rotation method which is not well suited for the case of variable
exponents.
We use the pointwise estimates obtained in Section 3 to obtain boundedness
results regarding rough operators in the framework of variable exponent spaces.
Theorem 4.1. Let W satisfy (14), W a LsðSn1Þ, sb ðp 0Þþ, ps 0 a PðUÞ. Then the
operator MW is bounded in the space L
pðÞðUÞ.
Proof. By (15) we have
kMW f kL pðÞðUÞaCkðMðj f js
0 ÞÞ 1s 0kL pðÞðUÞ:
By the property (2) we then get













¼ Ck f kL pðÞðUÞ
where the second inequality comes from the fact that
p
s 0 a PðUÞ. r
We can now show the boundedness of the fractional maximal rough operator,
namely we have the following:
Theorem 4.2. Let W satisfy (14), W a L
sn






s 0 a PðUÞ. Then the operator MW;a is ðLpðÞðUÞ ! LqðÞðUÞÞ-bounded.
Proof. Let f a LpðÞðUÞ such that IpðÞð f Þ ¼ 1. Then





















where the ﬁrst inequality comes from the pointwise inequality (18), the second
one from the Theorem 4.1 and the last one from the fact that IqðÞðj f j
pðÞ
qðÞ Þ ¼
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IpðÞð f Þ ¼ 1 and the deﬁnition of variable exponent Lebesgue norm. The general
case follows from the homogeneity of the fractional maximal rough operators.
r
Theorem 4.3. Let W satisfy (14), W a LsðSn1Þ, sb ðp 0Þþ, ps 0 a PðUÞ. Then the
operator MaW is bounded in the space L
pðÞðUÞ.
Proof. The proof follows from the pointwise estimate (19)




the fact that M is bounded whenever p a PðUÞ (this is valid under the assump-
tion
p
s 0 a PðUÞ, see [21, Theorem 4.37 or Theorem 3.38]) and Theorem 4.1. r
We now want to show the validity of a Sobolev type theorem for the rough
fractional integral operator I
aðxÞ
W , namely.
Theorem 4.4. Let U be a bounded open set, W a LsðSn1Þ, 1 < s <l,
infx AU aðxÞ > 0, supx AU aðxÞpðxÞ < n, sb ðp 0Þþ and p a P logðUÞ. Then the rough
fractional operator I
aðxÞ




Proof. For arbitrary ﬁxed r > 0, from Corollary 3.5 and Lemma 3.7 we have
the following pointwise inequality




s 0 þ raðxÞ npðxÞk f kpðÞÞ:
Taking
r ¼
 k f kpðÞ




jI aðxÞW ð f ÞðxÞjaCkWkLsðSn1Þ½ðMj f js




To show the boundedness of I
aðxÞ
W in the variable exponent Lebesgue space, from
(4), it is enough to show that
IqðÞðI aðxÞW f ÞaC
for all functions f in the unit sphere, i.e. k f kL pðÞðUÞ ¼ 1, and the general result
follows from homogeneity. From the pointwise inequality (34) it is enough to
show the boundedness of
IqðÞð½ðMj f js
0 Þ1=s 0 1
aðxÞ pðxÞ
n Þ ¼ IpðÞððMj f js
0 Þ1=s 0 Þ:ð35Þ
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To bound the right-hand side in (35) it is enough, from (4), to bound the norm,
i.e. to bound
kðMj f js 0 Þ1=s 0kL pðÞðUÞ:
From (2) and the fact that s > ðp 0Þþ implies that p=s 0 > 1, we get









¼ k f kL pðÞðUÞ
which is bounded since k f kL pðÞðUÞ ¼ 1. r
Corollary 4.5. Let U be a bounded open set, W a LsðSn1Þ, 1 < s <l,
infx AU aðxÞ > 0, supx AU aðxÞpðxÞ < n, sb ðp 0Þþ and p a P logðUÞ. Then the












jWðyÞj j f ðx yÞj dy:




which follows from the deﬁnitions of the operators. r
5. Boundedness results in variable exponent Morrey spaces
We can now state the boundedness results for rough operators in the framework
of variable exponent Morrey spaces.
Theorem 5.1. Let U be an open bounded set in Rn, 0a lðxÞa lþ < n,
sb ðp 0Þþ, W a LsðSn1Þ, 1 < s <l, p a P logðUÞ. Then the rough maximal
operator MW is bounded in the space L
pðÞ;lðÞðUÞ.
Proof. By (15) we have
kMW f kL pðÞ; lðÞðUÞaCkðMj f js
0 Þ 1s 0kL pðÞ; lðÞðUÞ:
By the property (12) we then get
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s 0 ; lðÞðUÞ





s 0 ; lðÞðUÞ
¼ Ck f kL pðÞ; lðÞðUÞ
where we used Theorem 2.4 in the second inequality. r












s 0 a P
logðUÞ. Then the rough fractional maximal
operator MW;a is ðLpðÞ;lðÞðUÞ ! LqðÞ;lðÞðUÞÞ-bounded.
Proof. Analyzing the proof of inequality (18) we obtain a similar result for the
case of variable exponent Morrey spaces, namely







where now C depends on the diameter of U . The rest of the proof now follows
closely the same lines as the proof of Theorem 4.2. r
Theorem 5.3. Let W satisfy (14), W a LsðSn1Þ, sb ðp 0Þþ, p a P logðUÞ. Then
the operator MaW is bounded in the space L
pðÞ;lðÞðUÞ.
Proof. As in the case of Theorem 4.3, the proof follows from the pointwise
inequality (19). r
Theorem 5.4. Let U be a bounded open set, W a LsðSn1Þ, 1 < s <l,
infx AU aðxÞ > 0, supx AU ½lðxÞ þ aðxÞpðxÞ < n, sb ðp 0Þþ and p a P logðUÞ. Then
the rough fractional operator I
aðxÞ
W is ðLpðÞ;lðÞðUÞ ! LqðÞ;lðÞðUÞÞ-bounded,
where 1
qðxÞ ¼ 1pðxÞ 
aðxÞ
nlðxÞ .
Proof. Gathering (24) and (32), we obtain the pointwise estimate
jI aðxÞW ð f ÞðxÞjaCkWkLsðSn1ÞðraðxÞðMj f js








jI aðxÞW ð f ÞðxÞjaCkWkLsðSn1Þ½ðMj f js
0 Þ 1s 0 
pðxÞ
qðxÞ :ð36Þ
By (36) we obtain
IqðÞ;lðÞðI aðxÞW ð f ÞÞa IpðÞ;lðÞððMj f js
0 Þ 1s 0 Þ;
and now the proof follows the same lines as in Theorem 4.4. r
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